We say that a pair of topological spaces (X, Y ) is good if for every A ⊆ X and every continuous f : A → Y there existsf : X → Y which extends f and is continuous at every point of A. We use this notion to characterize several classes of topological spaces, as hereditarily normal spaces, hereditarily collectionwise normal spaces, Q-spaces, and completely metrizable spaces. We also show that if X is metrizable and Y is locally compact then (X, Y ) is good and we answer a question of Arhangel'skii's about weakly C-embedded subspaces. For separable metrizable spaces our classification of good pairs is almost complete, e.g., if X is uncountable Polish then (X, Y ) is good if and only if Y is Polish as well. We also show that if Y is Polish and X metrizable thenf can be chosen to be of Baire class 1.
Introduction
Given two topological spaces X and Y , a subset A of X, and a continuous function f : A → Y , the problem of extending f to a continuous F : X → Y has been studied extensively. The prototype of the results in this area is the Tietze-Urysohn extension theorem [8, Theorem 2.1.8]: if X is normal, Y a closed interval in R, A closed in X then the continuous extension F does exist. A similar result is the theorem of Stone [8, Exercise 3.2 .J] that asserts the existence of F under the same hypothesis on Y whenever X is Tychonoff and A compact. In general the existence of F is rather exceptional, since in most cases f is not extendible to a continuous function on the whole of X.
The research in this area is still very active (see, e.g., [19] ). Results that are particularly interesting are those providing characterizations of topological properties in terms of existence of extensions. For example, Bourbaki's extension theorem characterizes the Y 's which are regular amongst the Hausdorff spaces [3, Exercise I. 8.19 ], the first statement in Theorem 1.1 characterizes the Y 's which areČech-complete and have a G δ diagonal amongst the completely regular spaces [4] , Corollary 1.7 of [19] characterizes normal spaces amongst the regular spaces, and Exercise 5.5.1(c) of [8] characterizes collectionwise normal spaces amongst the T 1 spaces.
A different approach to the problem of the existence of extensions is to insist that the extension should be defined on the whole X, but weaken the requirement that it should be continuous everywhere. A more modest requirement is to demand the extension only to preserve the continuity at every point of the original domain A. Our main question is therefore the following:
Let X and Y be topological spaces, A ⊆ X and f : A → Y a continuous function; can we extend f to a functionf : X → Y which is continuous at every point of A?
Some instances of this question were already considered by Arhangel'skii in [1, pp. 91-92] , where he introduced the notion of a subset A being weakly C-embedded into a topological space X: this means that every f : A → R can be extended to af : X → R which is continuous at every point of A. Arhangel'skii proved several results and asked a few questions about this notion. Our approach here is broader (because we do not confine ourselves to real-valued functions) and we are able to answer positively (actually for a much wider class of spaces than the one for which the question was originally asked) to one of Arhangel'skii's questions (see Theorem 3.2) .
We show that under appropriate hypotheses the answer to our question is positive: e.g., if Y is locally compact it suffices either that X is metrizable (and A arbitrary) or that A is dense in X (and X arbitrary).
We are mainly interested (and in this respect our viewpoint is rather different from [1] ) in pairs (X, Y ) of topological spaces such that the answer to our question is positive for every A ⊆ X and every continuous f : A → Y . We call such a pair good; if a pair is not good we say it is bad. A similar notion when the extension is required to be continuous everywhere has been studied (for bounded real-valued functions), e.g., in [24] . In this case we will use the following terminology: the pair (X, Y ) is strongly good if for every A ⊆ X and every continuous f : A → Y there exists a continuous F : X → Y extending f .
Using the notion of good pair we provide characterizations of several classes of topological spaces: Theorem 3.3 characterizes hereditarily normal spaces amongst the T 1 ones (they are exactly the X's such that the pair (X, {0, 1}) is good or such that the pair (X, R) is good), Theorem 3.4 characterizes hereditarily collectionwise normal spaces amongst the T 1 ones (they are exactly the X's such that the pair (X, Y ), with Y the discrete space of cardinality the weight of X, is good), Theorem 5.1 characterizes Q-spaces amongst the metrizable ones (they are exactly the X's such that for every Y the pair (X, Y ) is good), and Theorem 5.2 characterizes completely metrizable spaces amongst the metrizable ones (they are exactly the Y 's such that for every metrizable X the pair (X, Y ) is good).
Restricting ourselves to metrizable spaces, which are the main focus of our investigation, we prove that if X is a σ -space and Y is countable then (X, Y ) is good (and thus it is consistent with ZFC that there exist good pairs consisting of a non-Q-space and a noncompletely metrizable space), while if X is not a λ-space and Y is not hereditarily Baire then (X, Y ) is bad.
We now explain the organization of the paper. In Section 2 we list some elementary facts about our main question and review the definitions and some basic properties of the classes of topological spaces that turn out to be relevant to it. The results mentioned above appear in Sections 3 and 5: in Section 3 we deal with general topological spaces, while in Section 5-after proving some basic technical results in Section 4-we focus on metrizable spaces. In the final part of Section 5 we obtain results and use techniques that have a distinct descriptive set-theoretic flavor: we show that if X is Polish uncountable and Y separable metrizable then (X, Y ) is good if and only if Y is Polish. We also obtain, using both the nonseparable descriptive set theory developed by Hansell and the nonseparable determinacy results of Martin, generalizations of this result to the nonseparable case. The descriptive set-theoretic flavor is even more intense in Section 6, which deals with the complexity off and where we show that if Y is Polish thenf can be chosen to be of Baire class 1. In Section 7 we generalize a result about strongly good pairs which is well known in the real-valued case.
Basic facts and definitions
The following are simple but useful observations about our question. We will often deal with completely metrizable spaces: the basic fact we will use is that a metrizable space is completely metrizable if and only if it is G δ in any completely metrizable space in which it is embedded (see, e.g., [8, or [15, Theorem 3.11] ). Let us also recall (see, e.g., [8, Exercise 4.4 .K]) that for every cardinal κ ℵ 0 the Hilbert space 2 (κ) is universal for all metrizable spaces of weight κ, i.e., any such space is homeomorphic to a subspace of 2 (κ). As usual, by a Polish space we mean a separable completely metrizable space. Definition 2.9. A topological space X is hereditarily Baire if every closed subspace of X is a Baire space, i.e., satisfies the Baire category theorem.
If X is metrizable then X is hereditarily Baire if and only if no closed subset of X is homeomorphic to Q if and only if no G δ subset of X is homeomorphic to Q (see [5] , the second equivalence follows from Proposition 1.2). Every completely metrizable space is hereditarily Baire and ZFC proves the existence of separable metrizable spaces which are hereditarily Baire but not completely metrizable. However these sets are defined using the axiom of choice and need to be highly undefinable: in ZFC they cannot be coanalytic (see, e.g., [15, Corollary 21.21] ), assuming large cardinal axioms they cannot be projective and in ZF + DC + AD they do not exist (this follows, e.g., from [16, Theorem 4] ).
Other classes of topological spaces which are relevant to our problem are the following.
Definition 2.10.
A Q-space is a topological space X such that every subset of X is G δ (and hence also F σ ) in X. A σ -space is a topological space X such that every Borel subset of X is G δ (and hence also F σ ) in X. A λ-space is a topological space X such that every countable subset of X is G δ in X.
Clearly every Q-space is a σ -space and every T 1 σ -space is a λ-space. The properties of being Q, σ and λ-space are hereditary: if a space contains a non-λ (respectively Q, σ )-space it is not a λ (respectively Q, σ )-space. Every λ-space is T 1 and every σ -discrete (in particular, countable) space is a Q-space. Spaces which are not λ-spaces include those containing separable T 1 Baire spaces which have no isolated points: in particular every uncountable Polish space is not a λ-space.
A Q-set is an uncountable Q-space which is a subset of the real line (and hence is metrizable and separable). σ -and λ-sets are defined analogously. These sets have been studied extensively (see [17, §40] , [22] and its references). The existence of λ-sets can be established in ZFC (see, e.g., [17, Theorem 40 .III.2]), which proves the existence of λ-sets of cardinality b (see [6] for both the definition of b and a proof [6, Theorem 9.1]). On the other hand the existence of Q and σ -sets is independent of ZFC (however Balogh in [2] has shown that ZFC proves the existence of a regular Q-space which is not σ -discrete).
The existence of a Q-set of cardinality κ implies 2 κ 2 ℵ 0 , and therefore 2 ℵ 1 > 2 ℵ 0 (in particular, CH) implies that Q-sets do not exist. The existence of σ -sets follows from CH or, more generally, from MA (because every Sierpiński set is a σ -set, see [22, implies that there exist λ-sets which are not σ -sets. Therefore the existence of λ-sets which are not σ -sets and the existence of σ -sets which are not Q-sets are both (even simultaneously) consistent with ZFC. MA + ¬CH implies that every uncountable subset of the real line of cardinality less than the continuum is a Q-set (for a proof see [23, §5] ). Miller has shown [21, Theorem 22] that it is consistent that σ -sets do not exist, and hence that σ -sets and Q-sets coincide. As far as we know it is unknown whether it is consistent that λ-sets and σ -sets coincide.
Although the existence of λ-sets which are not σ -sets and the existence of σ -sets which are not Q-sets are consistent with ZFC, such sets need to be highly undefinable, since the perfect set property fails for any such set: in ZFC they cannot be analytic (see, e.g., [15, Theorem 29 .1]), assuming large cardinal axioms they cannot be projective and in ZF + DC + AD they do not exist.
We will need the following simple fact about metrizable spaces which are not λ-spaces. Proof. Since X is not a λ-space there exists A ⊆ X which is countable and not G δ in X. By applying the Cantor-Bendixson procedure we can write A = Q ∪ S where Q is perfect and S is scattered. As is well known every scattered space is completely metrizable and hence S is G δ in X. Since A cannot be the union of two G δ 's, Q is not G δ . Since A is countable so is Q and hence, being nonempty, countable and perfect, it is homeomorphic to Q.
If d is a metric on the space X, x ∈ X, ε > 0 and A ⊆ X, we denote by B(x; ε) the open ball of center x and radius ε, i.e., the set {y ∈ X | d(x, y) < ε}, and by d(x, A) the distance of x from A, with the convention that d(x, ∅) = ∞.
Good pairs: topological spaces
We start by proving a couple of results dealing with the case in which Y is locally compact. In the first theorem we assume that X is metrizable. For every x ∈ X and n ∈ N let
Thus by Proposition 2.1 it suffices to find f * : B → Y which extends f and is continuous at every point of A.
Let f * : B → Y be any extension of f which satisfies 
The next result is obtained by generalizing the proof of Theorem 3.1 to the nonmetrizable case, but needs an additional assumption on A and cannot be stated using our good/bad terminology. It answers a question of Arhangel'skii's [1, Problem 14] . Actually Arhangel'skii asked the question only for the case in which Y = R and X is a regular T 1 space (in a subquestion he was willing even to put further restrictions on A), while here we show that to obtain a positive answer no hypotheses on X are necessary and the only relevant property of R is the local compactness. Proof. For every x ∈ X let {U x i } i∈I x be a basis of open neighborhoods of x and, for every i ∈ I x , let
. We now essentially repeat the proof of Theorem 3.1, defining
The proof of the continuity of f * at every a ∈ A follows the pattern of Theorem 3.1: in place of B(a; δ) we find an open neighborhood U of a such that f (U ∩ A) ⊆ W , and for
The following results characterize hereditarily normal and hereditarily collectionwise normal spaces in terms of good pairs. They should be compared with the characterizations of regular, normal and collectionwise normal spaces mentioned in the introduction. The following theorem is proved essentially in the same way of Theorem 3.3, using Lemma 2.8 in place of Lemma 2.7. 
Basic constructions for metrizable spaces
We now focus on metrizable spaces and start by proving some lemmas that will be used to establish the main results of next section. These lemmas are useful in proving that a pair is good (Lemma 4.1) or bad (Lemma 4.3). Proof. Fix a compatible metric d for X. Since A is G δ its complement X \ A is F σ and we can write X \ A = n F n , where each F n is closed in X. We may assume that F n ⊆ F n+1 for every n. For every x ∈ X \ A let n x be the least n ∈ N such that x ∈ F n and let
We will show thatf is continuous at every a ∈ A.
To prove the claim let x ∈ B(a; δ). If x ∈ A then, since δ < η, we have x ∈ B(a; η) ∩ A and hencef
Moreover, by our choice of δ, we have n x > n and therefore ρ x < 2 −n−1 + δ 
Proof. Since f (A) is G δ in Y , by Proposition 4.2 it suffices to prove that f cannot be extended tof : X → f (A).
Hence we may assume that f is onto Y . Let d be a compatible metric for X andf : X → Y be any extension of f . For every
, and the inclusion is proper. Therefore there exist a ∈ A and i ∈ N such that a ∈ M i . We claim thatf is not continuous at a.
To prove the claim we argue by contradiction and assume thatf is continuous at a.
A particular case of Lemma 4.3 that will be very useful is the following corollary. 
Good pairs: Metrizable spaces
We start by characterizing the metrizable spaces which are always members of good pairs. 
of course, B is F σ in X 1 , too, and hence by Lemma 4.1 there exists an extensionf 1 of f to X 1 which is continuous at every point of A.
We now define an extensionf 2 of f to X 2 = y∈Y C y : for every x ∈ X 2 , if x ∈ A letf 2 (x) = f (x), while if x / ∈ A letf 2 (x) = y, where y is any point of Y such that x ∈ C y . We will show thatf 2 : X 2 → Y is continuous at every point of A. Indeed, if a ∈ A and V is a neighborhood off 2 
Consider now the extensionf of f to X, defined by: Proof. As mentioned in Section 2, it is consistent with ZFC (e.g., it follows from CH) that there exists a σ -set X which is not a Q-set. Then the pair (X, Q) is good by Theorem 5.3.
Even if ZFC does not prove that all pairs consisting of a non-Q-space and of a noncompletely metrizable space are bad, it suffices to strengthen slightly the hypotheses to obtain the conclusion. The relationships between the stronger hypotheses and the original ones have been discussed after the relevant definitions in Section 2.
Theorem 5.5. Let X and Y be metrizable spaces. If X is not a λ-space and Y is not hereditarily Baire then (X, Y ) is bad.
Proof. By Proposition 2.11, let A ⊆ X be homeomorphic to Q and not G δ in X. Since Y is not hereditarily Baire there exists Q ⊆ Y which is closed and homeomorphic to Q. Let f : A → Y be a homeomorphism between A and Q. We are in the hypotheses of Corollary 4.4 and f cannot be extended tof : X → Y which is continuous at every a ∈ A. Therefore (X, Y ) is bad.
If κ is an infinite cardinal we define the Baire space of weight κ to be κ N (sometimes denoted B(κ) in the literature) where κ is given the discrete topology and κ N the product topology; when κ = ℵ 0 we obtain the usual Baire space which is homeomorphic to the irrationals and denoted by N N . Since κ N is not universal for all metrizable spaces of weight κ, Theorem 5.2 leaves open the possibility that there exist metrizable spaces Y of weight κ which are not completely metrizable but are such that the pair (κ N , Y ) is good. We now show that in many cases this is not the case. We start with the separable case (i.e., κ = ℵ 0 ) where the results of descriptive set theory are available. 
]). Therefore
A is not Borel, and in particular not G δ , in C. Let f = g A : A → Y . f is a continuous bijection, but in general it is not open, so Lemma 4.3 does not apply here. However we can mimic its proof, using the fact that g is defined also on C \ A, and obtain the same conclusion, i.e., that f cannot be extended to C preserving the continuity at every point of A.
To this end letf : C → Y be any extension of f . For every n ∈ N let
Since A = g −1 (Y ) we have C \ A = n M n and hence C \ A ⊆ n M n . Since A is not G δ in C the inclusion is proper. Therefore there exist a ∈ A and i ∈ N such that a ∈ M i . We claim thatf is not continuous at a. Notice that for x ∈ M i we have
Since g is continuous there exists an open neighborhood W of a such that g(W ) ⊆ B(f (a);
Thereforẽ f is not continuous at a.
Corollary 5.7. If X is an uncountable Polish space and Y is separable metrizable then (X, Y ) is good if and only if Y is Polish.
Proof. Every uncountable Polish space contains a subset homeomorphic to N N . Hence the corollary is a consequence of Theorems 5.2 and 5.6.
We do not know whether Corollary 5.7 holds for all metrizable non-σ -spaces X (or at least for some class wider than that of uncountable Polish spaces). However the picture of good and bad pairs of separable metrizable spaces is almost complete: in Fig. 1 we summarize our results for this case.
We will now prove analogues of Theorem 5.6 for Y not separable. To this end we need to extend the results of classical descriptive set theory (which deals with separable metrizable spaces) to nonseparable metrizable spaces: [25] is an overview of some results in this area (but more has been done since that paper). For nonseparable metrizable spaces the usual class of Borel sets (i.e., the σ -algebra generated by the open sets) is too narrow and in the early 70's Hansell defined the class of the extended Borel sets as the smallest σ -algebra containing the open sets and closed under arbitrary unions of discrete families of sets. Hansell proved many results about these sets, including the generalized Souslin theorem (which follows from either [10, Theorem 12] or [11, Theorem 4.15] , and from the main result of [12] ).
More than 15 years after the first papers by Hansell, Martin (unaware of Hansell's work) in [20] also extended the class of Borel sets, in the case of strongly zero-dimensional spaces (this terminology from general topology does not occur in [20] , but, e.g., [8, Theorem 7.3.15] shows that these are indeed the spaces considered by Martin), to nonseparable spaces by introducing the quasi-Borel sets. In [20] the generalized Souslin theorem is proved as well, and this is a way of seeing that, at least for strongly zero-dimensional spaces, the notions of extended Borel and quasi-Borel coincide (for separable spaces they both coincide with the classical notion of Borel). In his paper Martin proved the determinacy of the quasi-Borel sets and this has some nice consequences: one can prove Wadge lemma for extended Borel subsets of strongly zero-dimensional spaces (e.g., by repeating verbatim the proof of Theorem 21.14 of [15] ), and then use it to prove the generalization of (a special case of) Theorem Another difficulty in extending the separable theory to nonseparable spaces is that arbitrary continuous functions appear to be too "wild", and one needs to put further restrictions on the continuous functions that are used. Hansell (see again [25] for an overview) gave the following definition. Definition 5.9. A function f : X → Y is co-σ -discrete if whenever {U i | i ∈ I } is a discrete family of subsets of X the family {f (U i ) | i ∈ I } of subsets of Y has a σ -discrete base, i.e., there exists a σ -discrete family {V j | j ∈ J } of subsets of Y such that every f (U i ) is the union of some of the V j 's.
We gave the definition of co-σ -discrete function for the sake of completeness, but we will use this notion as a black box, quoting some of Hansell's results in the proof of the next theorem. Hansell used the co-σ -discrete functions (in combination with the extended Borel sets) to extend several classical results to the nonseparable case.
We say that a metrizable space Y is absolutely extended Borel if it is extended Borel in one (and hence in all) of its completions. [13] (which states that a one-to-one continuous co-σ -discrete image of an extended Borel set is extended Borel), and in particular not G δ . The proof of Theorem 5.6 now can be repeated verbatim and shows that (C, Y ) is bad. By Proposition 2.4 (X, Y ) is bad.
If we are in case (2), i.e., Y is strongly zero-dimensional and extended Borel in Y we use 
The complexity of the extensions
When the answer to our original question is positive, i.e., whenf : X → Y extending f and preserving the continuity at every point of A does exist, another natural question comes up: how complicated isf ? As pointed out in the introduction,f can be continuous (on the whole of X) only in exceptional circumstances, but in some cases (including those interesting from the viewpoint of descriptive set theory) we will prove thatf can be the "next best thing", i.e., of Baire class 1. The proof is based on an effectivization of the choice principle needed in the proof of Lemma 4.1 to findf satisfying condition ( * ).
Recall the following definitions.
Definition 6.1. Let Y be a topological space and Γ a class of subsets of X. We say
The F σ -measurable functions are known as functions of Baire class 1. 
Proof. Let f :
A → Y continuous be given: arguing as in the first part of the proof of Theorem 5.2 we may assume that A is G δ . Let X \ A = n F n , where each F n is closed in X. Fix a compatible metric d for X and, as in the proof of Lemma 4.1, for every x ∈ X \ A let n x be the least n ∈ N such that x ∈ F n and define
We claim that this map is lower F σ -measurable.
Since we have
this follows from the fact that ρ is F σ -measurable. By the Kuratowski-Ryll-Nardzewski selection theorem [18] there exists a Baire class 1 functionf :
we have a function defined on X which extends f . f does not precisely fit the pattern of the proof of Lemma 4.1, since when x ∈ X \ A we havef
which is weaker than ( * ). However it is routine to check that ( * * ) suffices to carry out the proof of the continuity off at every point of A. We now claim thatf is of Baire class 1. To prove the claim let V be open in Y ; let
is the union of an F σ set (in X \ A and hence in X, because X\A is F σ ) and an open set, and hence is F σ .
Let us notice that the preceding proof does not generalize to the nonseparable case: indeed Hansell [14] constructed a lower (weakly, in the terminology of that paper) F σ -measurable function from ℵ N 1 to ℵ 1 which has no extended Borel-measurable selector.
We can however easily prove a result similar to Theorem 6.2 if we shift the separability assumption from Y to X. 
Strongly good pairs
We will need the following standard definition: The equivalence between (ii) and (iv) is contained, e.g., in Exercise 6R2 of [9] . Since (iv) is a hereditary property this shows also that (iv) implies (i).
βω is normal and extremally disconnected but not hereditarily extremally disconnected: hence in (i) of Proposition 7.4 both "hereditarily" cannot be removed at the same time.
Our result about strongly good pairs generalizes Proposition 7.4 by showing that (iv) is equivalent to a much more general property. (
Using the lemma we construct a sequence P n of clopen partitions of X with P n = {Ω 
We start by applying Lemma 7.6 to Ω = X, W = Y and ε = 1/2: we obtain a clopen partition P 1 = {Ω } by working in parallel, we will have that (b) and (c) hold. This completes our construction.
We now use the P n 's and the W n 's to define a continuous extension F of f . Fix x ∈ X. For every n let i(x, n) be the unique i ∈ {1, . . ., m n } such that x ∈ Ω n i . Every P n is a partition so that, by (a), we have
for every n and hence
To check that F is continuous fix x ∈ X and ε > 0. Let n be such that 2 −n < ε. Since diam(W 
Since V is totally bounded there exists a finite collection
∩ Ω are disjoint open subsets of A, and hence are separated in X. X is hereditarily extremally disconnected and Lemma 7. (1) and (2) will complete the construction.
We do not know whether the metrizability hypothesis can be removed from (ii) of Theorem 7.5. In contrast, the following result shows how much the compactness hypothesis is essential. Let z / ∈ Y and X = Y ∪ {z}. Endow X with the topology which makes Y discrete and such that the neighborhoods of z are of the form M ∪ {z} with M ∈ U . X is paracompact and hereditarily extremally disconnected (use Lemma 7.3).
Let A = Y ⊆ X and f : A → Y be the identity function: notice that f is continuous (on A the topology is finer than the original topology of Y ). We claim that f cannot be extended to a continuous F : X → Y , thus completing the proof.
To prove the claim let F : X → Y be an extension of f and let y = F (z). Since y ∈ Y there exists V ∈ V such that y ∈ V . Let W = Y \ V ∈ F ⊆ U . Let M ∪ {z} with M ∈ U be an arbitrary neighborhood of z in X. Since M ∩ W ∈ U we have M ∩ W = ∅, and let a ∈ M ∩ W : then F (a) = f (a) = a ∈ W and hence F (a) / ∈ V . Therefore for every neighborhood M ∪ {z} of z we have F (M ∪ {z}) V and F is not continuous at z.
The reader may wonder whether there are interesting examples of spaces which are both normal and hereditarily extremally disconnected, e.g., spaces of this kind which have no isolated points. Using Lemma 7.3 it is fairly easy to see that any maximal space (which obviously has no isolated points) is hereditarily extremally disconnected and El'kin [7] constructed maximal spaces of any infinite cardinality which are hereditarily collectionwise normal.
Using a different kind of construction it is possible to show the existence of a (normal and) hereditarily extremally disconnected space which is hereditarily paracompact (but not maximal). Actually, this space turns out to fulfill also a separation property which strengthens normality in a way different from paracompactness. Definition 7.8. A topological space X is structurally normal if it is T 1 and every closed C ⊆ X has a basis V C of open neighborhoods such that for all closed C 1 , C 2 ⊆ X and for all V 1 ∈ V C 1 and
It is straightforward to show that a T 1 space X is structurally normal if and only if every x ∈ X has a basis V x of open neighborhoods such that for all x 1 , x 2 ∈ X and for all V 1 ∈ V x 1 and V 2 ∈ V x 2 if x 1 / ∈ V 2 and x 2 / ∈ V 1 then V 1 ∩ V 2 = ∅. It is also immediate that structural normality is a hereditary property and that every structurally normal space is (hereditarily) collectionwise normal and (hereditarily) strongly zero-dimensional. In general structural normality does not imply paracompactness: e.g., the first uncountable ordinal with the order topology is easily seen to be structurally normal.
However if the structurally normal space X is also equipped with a tree structure which respects structural normality then X is paracompact. Indeed suppose < is a partial ordering on X which is a tree (i.e., for every x ∈ X the set {y ∈ X | y < x} is well-ordered by <) and for every x ∈ X let ht(x) be the order type of {y ∈ X | y < x}. Suppose moreover that for every x ∈ X and V ∈ V x we have ht(y) > ht(x) for every y ∈ V \ {x}. Then it can be shown that X is paracompact. If for every x ∈ X and V ∈ V x we have x < y for every y ∈ V \ {x} then X is hereditarily paracompact.
We proceed now to sketch the construction of the promised space, without carrying out the proofs in all details. Let X be the set of all finite sequences of natural numbers, fix a nonprincipal ultrafilter U on N and declare U ⊆ X to be open if and only if ∀s ∈ U {n | s n ∈ U } ∈ U . This is indeed a topology on X, it has no isolated points and is both hereditarily normal and (hereditarily) extremally disconnected, yet it is not maximal (the proof of extremal disconnectedness uses an inductive argument). Moreover X can be shown to be structurally normal in a way which is compatible with the obvious tree structure of X (i.e., the one given by the relation of being an initial segment), so that by the considerations made above X is hereditarily paracompact.
Notice that it is hard to get a similar example with "nicer" properties: e.g., an infinite compact space cannot be hereditarily extremally disconnected (see [9, Exercise 6R4] ).
